The method of nding the eigenvalues and eigenfunctions of abstract discrete semibounded operators on compact graphs is developed. Linear formulas allowing to calculate the eigenvalues of these operators are obtained. The eigenvalues can be calculates starting from any of their numbers, regardless of whether the eigenvalues with previous numbers are known. Formulas allow us to solve the problem of computing all the necessary points of the spectrum of discrete semibounded operators dened on geometric graphs. The method for nding the eigenfunctions is based on the Galerkin method. The problem of choosing the basis functions underlying the construction of the solution of spectral problems generated by discrete semibounded operators is considered. An algorithm to construct the basis functions is developed. A computational experiment to nd the eigenvalues and eigenfunctions of the Sturm Liouville operator dened on a two-ribbed compact graph with standard gluing conditions is performed. The results of the computational experiment showed the high eciency of the developed methods.
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Keywords: perturbed operators; eigenvalues; eigenfunctions; compact graph; continuity conditions; Kirchho conditions. 1. Perturbed Operators on Compact Graphs. Recently, the methods of mathematical modelling began to play an important role in the study of the frequency-resonance characteristics of various technical devices described by linear dynamical systems and computer diagnostics of technical systems based on frequencies of natural oscillations. In this case, usually, mathematical model is direct or inverse spectral problem for Sturm Liouville's operators on geometric graphs. The methods for nding eigenvalues and eigenfunctions of abstract discrete semibounded operators dened on compact graphs are developed in the article.
Let G = G(V, E) be a nite associated oriented compact graph.
j=1 set of edges. Suppose, that each edge E j has the length of l j > 0 and cross-sectional area d j > 0. On the edges E of the graph G we consider the operator
with the scalar product [1] (g, h) =
Here T j are discrete semibounded operators, and P j are bounded operators, dened in L 2 (0, l j ) (j = 1, j 0 ). We consider the boundary value problem
Let E α (V s ) denote a set of edges with origin at the vertex V s , and E ω (V s ) set of edges with an end at the vertex V s . Conditions (2) mean that the ow through each vertex must be equal to zero, and (3) means that the solution u = (u 1 , u 2 , ..., u j 0 ) at each vertex must be continuous. Also consider the boundary value problem:
We denote by {λ k } ∞ k=1 eigenvalues of the problem (4) (6), numbered in the order of nondecreasing of their magnitudes, and denote by
eigenvector-functions, corresponding to these eigenvalues λ k . Approximate solution of the problem (1)- (3) can be found in the form
where a k , with undetermined coecients and vector-functions
, form a countable basis in the space L 2 (G) with energy norm ∥v k ∥ T +P , induced by the energy scalar product
The space L 2 (G) with energy norm ∥v k ∥ T +P is denoted by H T +P . Theorem 1. If T + P is a semibounded from below operator, acting in the Hilbert space L 2 (G), then solutions of the problem (4)(6) form a basis in the energy space H T +P .
Äîêàçàòåëüñòâî. The system {v k } ∞ k=1 is a basis in the Hilbert space H T +P in that case, if it is closed in this space. Considering (4) and boundedness of operator P , we get
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The operator T is positive dened in space L 2 (G). Denote by H T energy space, which is a replenishment of space L 2 (G) by the norm ∥v k ∥ T , induced by the energy scalar product, dened by the relation [2] :
Let c be the lower bound of operator T + P . Then
Vector-functions v k are eigenfunctions of operator T and form a basis in L 2 (G) [1] . Therefore, the system of these functions is closed in L 2 (G), and hence, in H T . Considering (8) (10), we get c
Therefore, H T +P consists of the same element, that H T , so that, the system of functions
Corollary 1. Further, by the theorem 1, when solving the problem (1) (3) in the form (7), we will use the rst n solutions of the problem (4) (6) as coordinate functions v k , (k = 1, ∞). If necessary, the elements of the system {v k } n k=1 should be normalized. In the articles of S.I. Kadchenko [3, 4] linear formulas for eigenvalues of perturbed discrete operators were obtained. Analogously to these papers, we can prove the theorem. Theorem 2. If T = (T 1 , T 2 , ..., T j 0 ) is a discrete semibounded operator, and P = (P 1 , P 2 , ..., P j 0 ) bounded operator, acting in a separable Hilbert space L 2 (G), and the system of vector-functions
forms an orthonormal basis in L 2 (G), then eigenvalues µ m of operator T + P can be found from formulas:
, and µ k (m) m-th Galerkin's approximation of k-th eigenvalues.
Following the Galerkin method, coecients a k (k = 1, n), included in (7), are found from the solution of a system of linear homogeneous equations
Using the theorem 2, by the formulas (11) we nd n eigenvalues µ k (k = 1, n) of operator T + P . We substitute some µ m into the system (12) instead of parameter µ. Then the determinant of this system is equal to zero, and the system (12) will have nontrivial solutions. We denote the coecients a k , included in (7) and corresponding to this solutions, via a
We use the normalization condition (u m (n), u m (n)) = 1. Convert it, taking into account the system orthonormality {v k } n k=1 :
Having supplemented the system of equations (12) by equation (13), we nd the coecients a
2. Double-Edge Graph. As an example, consider a compact graph G, consisting of two edges E 1 and E 2 on Figure. Graph G On each edge E j (j = 1, 2) we introduce the real parameter x j , varying from 0 till l j . On graph G dene a vector-function u = (u 1 , u 2 ), which component u j is a function of parameter x j ∈ [0, l j ], i.e. corresponds to an edge E j (j = 1, 2). On each edge E j of the graph G introduce an equation of the form:
We will assume, that the components of vector-function u are interconnected by standard gluing conditions, including the condition (2), analogous to the Kirchho's condition, and continuity condition (3) . The continuity condition means, that, since the vertex V 2 is an incident to the edges E 1 and E 2 , then the values of the components of the vector-function u on these edges in the ends, corresponding to the vertex V 2 , are coincide:
Condition (2) means that the sum of normal derivatives of the components of the vectorfunction u in the vertices V j (j = 1, 3) is equal to zero, i.e. if V j corresponding to x j = 0, then the derivative of the component u j in the point, corresponds to the vertex V j , is taken with a sign "+", and with a sign "−", if V j corresponds to x j = l j :
In the boundary vertices V 1 and V 3 the conditions (2) transform to the Neumann's conditions:
We use the system of coordinate functions {v k } n k=1 to construct the solution of the problem (7), (14) (18) and while nding the eigenvalues {µ k } n k=1 by the formulas (11). To nd the system we solve the boundary value problem:
It can be shown that eigenvalues of the spectral problem (19) are
and eigenfunctions are
The constants C k are determined from the normalization condition. Through v k = (v 1k , v 2k ) denote the vector-functions corresponding to the eigenvalues λ k . To nd eigenvalues µ k and vector-functions u k of the boundary problem (14) (18) a computational experiment was conducted. Verication of the spectral characteristics was performed by substituting them into the equation (14). The Table shows the norms of the left and right side of the equation (14) and the dierence between them.
Conclusion. New algorithm for nding eigenvalues of abstract discrete semibounded operators on geometric graph is developed. Numerous computational experiments have shown high computational eciency of the algorithm. Ðàçðàáîòàíà ìåòîäèêà íàõîaeäåíèÿ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé àá-ñòðàêòíûõ äèñêðåòíûõ ïîëóîãðàíè÷åííûõ îïåðàòîðîâ, çàäàííûõ íà êîìïàêòíûõ ãðà-ôàõ. Ïîëó÷åíû ëèíåéíûå ôîðìóëû, ïîçâîëÿþùèå ñ âûñîêîé âû÷èñëèòåëüíîé ýôôåê-òèâíîñòüþ âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ ýòèõ îïåðàòîðîâ, íà÷èíàÿ ñ ëþáîãî èõ íîìåðà, íåçàâèñèìî îò òîãî, èçâåñòíû ëè ñîáñòâåííûå çíà÷åíèÿ ñ ïðåäûäóùèìè íîìå-ðàìè. Äàííûå ôîðìóëû ðåøàþò ïðîáëåìó âû÷èñëåíèÿ âñåõ íåîáõîäèìûõ òî÷åê ñïåê-òðà äèñêðåòíûõ ïîëóîãðàíè÷åííûõ îïåðàòîðîâ, çàäàííûõ íà ãåîìåòðè÷åñêèõ ãðàôàõ.
Ñîáñòâåííûå ôóíêöèè íàõîäÿòñÿ íà îñíîâå ìåòîäà Ãàëåðêèíà. Ðàññìîòðåí âîïðîñ âû-áîðà áàçèñíûõ ôóíêöèé, ëåaeàùèõ â îñíîâå ïîñòðîåíèÿ ðåøåíèÿ ñïåêòðàëüíûõ çàäà÷, ïîðîaeäåííûõ äèñêðåòíûìè ïîëóîãðàíè÷åííûìè îïåðàòîðàìè, è ïðèâîäèòñÿ àëãîðèòì èõ ïîñòðîåíèÿ. Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî íàõîaeäåíèþ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Øòóðìà Ëèóâèëëÿ, çàäàííîãî íà äâóõðå-áåðíîì êîìïàêòíîì ãðàôå ñî ñòàíäàðòíûìè óñëîâèÿìè ñêëåéêè. Ðåçóëüòàòû âû÷èñëè-òåëüíûõ ýêñïåðèìåíòîâ ïîêàçàëè âûñîêóþ ýôôåêòèâíîñòü ðàçðàáîòàííîé ìåòîäèêè.
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